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Abstract. In this paper, it is proved that all irreducible Harish-Chandra modules 
over the Q Heisenberg-Virasoro algebra are of intermediate series (all weight spaces are 
1-dimensional). 



1. Introduction. 

The Heisenberg-Virasoro algebra is the universal central extension of the Lie alge- 
bra of differential operators on a circle of order at most one. It contains the classical 
Heisenberg algebra and the Virasoro algebra as subalgebras. The structure of their 
irreducible highest weight modules was studied in [ACKP, Bl]. Irreducible Harris- 
Chandra modules over the Heisenberg-Virasoro algebra were totally classified in [LZ] . 
They are either highest weight modules, lowest weight modules, or modules of in- 
termediate series. The representation theory of the Heisenberg-Virasoro algebra is 
closely related to those of other Lie algebras, such as the Virasoro algebra and toroidal 
Lie algebras, see [B2, FO, JJ]. For other results on generalized Heisenberg-Virasoro 
algebras, please see [FO, SS, SJ] and references therein. 

Recently, some authors introduced generalized Heisenberg-Virasoro algebras and 
started to study their representations (see [LJ, SS]). In the present paper, we give the 
classification of irreducible Harish-Chandra modules over the Q Heisenberg-Virasoro 
algebra. Similar to the Q Virasoro algebra case [Ma], they are only modules of 
intermediate series. The main idea in our proof (Lemma 3.1) is similar to those used 
in [Ma] and [GLZl]. 

In this paper we always denote by Z, Q, C the sets of integers, rational and complex 
numbers, respectively. Now we give the definitions of generalized Heisenberg-Virasoro 
algebras and the Q Heisenberg-Virasoro algebra. 
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Definition 1.1. Suppose that G is an additive subgroup of C. The generahzed 
Heisenberg-Virasoro algebra HVir[G] is a Lie algebra over C with a basis: 

{dg,I{g),CD,CDi,Ci\geG}, 

subject to the Lie brackets given by: 



[dg, dh] ^{h- g)dg+h + Sg,-h^-j^CD, (1.1) 

[dg, I{h)] = hl{g + h)+ dg,.h{9^ + g)CDi, (1.2) 

[Iig)J{h)] = g5g,-hCi, (1.3) 

[B.YiT[G],CD] = [B.Vii[G],CDi] = [B.Vir[G],Ci] = 0. (1.4) 



It is easy to see that HVir[G] ^ HVir[G"] iff there exists nonzero a G C such that 
G = aG' . When G = Z, HVir[Z] = HVir is the classical Heisenberg-Virasoro algebra. 
When G = Q, we call HVir[Q] the Q Heisenberg-Virasoro algebra, which is the main 
object of this paper. An HVir[G] module V is said to be trivial if HVir[G]F = 0, and 
we denote the 1-dimensional trivial module by T. 

The modules of intermediate series V{a, (5; F) over HVir[G] are defined as follows 
for every a,(3,F G C. As a vector space over C, V{a,j3\F) has a basis {vg\g G G} 
and the actions are: 

dgVh = {a + h + gp)vg+h, I{g)vh = Fvg+h, (1.5) 
Covg = 0, CiVg = 0, CoiVg = 0, V , HeG. (1.6) 

It is well known that V{a, (3; F) = V{a + g, /3; F) for any a, /3, F G C and g E G. 
So we always assume that o: = when a E G. It is also easy to see that V{a, 13] F) 
is reducible if and only if F = 0, a = 0, and /? G {0, 1}. The module F(0, 0; 0) has a 
1-dimensional submodule T and F(0, 0; 0)/T is irreducible; F(0, 1; 0) has codimension 
1 irreducible submodule. We denote the unique nontrivial irreducible sub-quotient of 
V{a, (3; F) by V'{a, (3; F). It is easy to see that V'{0, 0; 0) = V'{0, 1; 0). 

Remark. It is not hard to verify that, for F ^ 0, V{a,/3;F) ^ V {a' , f3' ; F') iff 
a - a' G G and (/3, F) = (/3', F'). 

Our main theorem is the following: 

Theorem 1.2. Suppose that V is an irreducible nontrivial Harish- Chandra module 
over HVir[Q] . Then V is isomorphic to V'{a, 13; F) for suitable a, P,F E C. 

The paper is organized as follows. In Section 2, we collect some known results on 
the Virasoro algebra and on the Heisenberg-Virasoro algebra for later use. In section 
3, we give the proof of the main theorem. 
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2. Preliminaries. 

Since generalized Heisenberg-Virasoro algebras are closely related to generalized 
Virasoro algebras, we first recall some results on generalized Virasoro algebras. 

Definition 2.1 Let G be a nonzero additive subgroup of C. The generalized 
Virasoro algebra Vir[G] is a Lie algebra over C with a basis: {dg^Colg € G} and 
subject to the Lie brackets given by: 

3 

[dg,dh] = {h-g)dg+h + 5g,-h^-^CD, [ Vir [G] , C^,] = . (2.1) 

Notice that Vir[G] is a subalgebra of HVir[G']. When G = Z, Vir[Z] = Vir is the 
classical Virasoro algebra and when G = Q, Vir[Q] is called the Q Virasoro algebra. 

A module of intermediate series V{a,P) has a C-basis {vg\g e G} and the Vir- 
actions are: 

dgVh = {a + h + gP)vg+h, GoVg = 0, V^, h e G. (2.2) 

It is well known that V{a, /3) is reducible if and only if a G G and /? G {0, 1}. The 
unique nontrivial irreducible sub-quotient of V{a, 13) is denoted by V'{a, (5). It is also 
well known that V{a^ (5) = V{a + g^ (5) for any a, /3 G C and any g E G. So we always 
assume that a = if a G G. 

Mazorchuk [Ma] classified irreducible Harish-Chandra modules over yir[Q]: 

Theorem 2.2. Any irreducible Harish-Chandra module over Vir[Q] is isomorphic 
to V'{a, (3) for suitable a, j3 & C 

Now we consider the Q Heisenberg-Virasoro algebra HVir[Q], which contains a clas- 
sical Heisenberg-Virasoro algebra HVir[Z] = HVir. The classification of irreducible 
Harish-Chandra modules over HVir was given in [LZ]: 

Theorem 2.3. Any irreducible Harish-Chandra module over HVir is isomorphic 
to either a highest weight module, a lowest weight module, or V'{a,P; F) for suitable 
a,l3,F e C. 

3. Proof of Theorem 1.2. 

We decompose Q as the union of a series of rings Qk = {-^ In € Z}, k G N. 
Then wc can viewe each HVir[Qfc] as a subalgebra of HVir[Q] naturally, and thus 
HVir[Q] = lJ^gp^HVir[Qfc]. Clearly, HVir[Qfc] ~ HVir for any /c G N. For convenience, 
we write U{Q) = [/(HVir[Q]) and U{Qk) = [/(HVir[Qfc]) for short. Denote U{Q)q = 
{u G U{Q)\[do,u] = qu} and U{Qk)q ^ {u E U{Qk)\[do,u\ = qu}, for any q e Q. 
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Lemma 3.1. Suppose that N is a finite dimensional irreducible U{Q)o -module, then 
there is some k & N such that N is an irreducible U{Q^k)o-fnodule. 

Proof. There is an associative algebra homomorphism L^(Q)o — > 9l{N), where 
gl{N) is the general linear associative algebra of N. 

Since N and hence gl{N) are both finite dimensional, then ?7(Q)o/ ker($) is finite 
dimensional. Take yi, 2/2, - •• , Vm ^ U (Q)o such that yi, y2, • • • , Um become a basis of 
C/(Q)o/ ker($). Then there is some k such that yi, y2,- ■ ■ , Vm arc all in U{Qk)o- 

We claim that is an irreducible t/(Qfc)o-module. Let M be a proper U{Qk)o- 
submodule of A^. For any y G U{Q)o, there is some yo G ker($) and Oj G C, such that 
y = yo + T.T=i ^iVi- Thus yM = {yo + YT=i ^^y^W C (E a^y^)M C M, that is, M 
is a t/(Q)o-submodule of N, forcing M = 0. Thus N is irreducible over U{Qk)o. □ 

Now we fixe a nontrivial irreducible Harish-Chandra module V over HVir [Q] . Then, 
there exists some a G C such that V = 0q£Q Vg, where Vq = {v e V \ dov = {a + q)v}. 
We define the support of V as supp V = {q e Q\Vq ^ 0}. 

Lemma 3.2. suppF = Q or Q \ {—a} and dim Vg = 1, Vg G suppF. 

Proof. First view F as a yir[Q] module, by Theorem 2.2, then dim Vp — dim Vq, \/p, q G 
Q \ {—a}. Particularly, F is a uniformly bounded module, i.e., the dimensions of all 
weight spaces are bounded by a positive integer. 

Suppose that dimF^ > 1 for some q G suppF. Then it is easy to see that Vq is 
an irreducible C/[Q]o -module. By Lemma 3.1, there is some A; G N such that Vq is an 
irreducible L''((5a;)o- module. 

We consider the HVir[Qjt]-module W = U{Qk)Vq, which is uniformly bounded. 
Then by Theorem 2.3, there is a composition series of HVir[Qfe]-modules: 

= c w'^^^ C W^^^ C . . . W^'^'^ = w. 

Each factor V^^^ /V^^~^^ is either trivial or of intermediate series, and in both cases 
all nonzero weight spaces are 1-dimensional. 

Take the first such that dimVi'^ ^ 0. Then dim fJ*^ = dim(y(^)/y(*-i))g = 1. 

But on the other hand, Vq^^ is a C/(Qfc)o-module, i.e., a nontrivial proper C/(Qfc)o- 
submodule of Vq, contradiction. Thus dimVg = l,\/q E suppF. 

Since V is nontrivial, we must have some q G suppF \ {—a}. Our result follows 
since dim = dim Vg = 1, Vp G Q \ {-a}. □ 

Now we can give the proof of our main theorem: 

Proof of Theorem 1.2. By Lemma 3.2, we know that supp V = Q for some a G C 
or suppF = Q \ {-a}. Denote = and V^^^ = „ Vq for aU A; > 1. Then 



HARISH-CHANDRA MODULES OVER HVir[Q] 



5 



supp V^^'' = {g G Q| Vg^'' 7^ 0} = supp V (iQk for all A; > 1. We have a vector space 
filtration of V: 

oo 

= c F^i) C F^') C .. C F^'^) C ... C F and F = U V^^'l 

It is clear that each V^''^ can be viewed as an HVir[QA;]-module, and each HVir[QA;] 
is isomorphic to HVir. 

If —a ^ suppF, then each V^'^^ is irreducible over HVir[Q/e] for any /c e Z by 
Lemma 3.2 and Theorem 2.3. 

If —a G suppF, we have assumed that a = in this case. Then we have Up G 
C7(HVir[Q])p and Ug G C/(HVir[Q])g for some g G Q such that UpVo = Vp and 
UqV-q = Vb, since V is an irreducible HVir[Q]-module. Then there is some kQ such 
that Up,Uq G t/(HVir[Qfco]), thus V^^°^ is irreducible as an HVir[Qfcg]-module. 

Since F^'^o) irreducible over HVir[Qfeo], then V'^^^ is irreducible over HVir[Qfc] for 
any k > ko. By Theorem 2.3, we see that CdV = CjV = CdiV = 0, that /(O) acts 
scalar F G C, and that there are some a^, (3k eC such that y^'^) ^ V'{ak, /3k; F) 
as modules over HVir[Qfc] with k > ko- Write a — and (3 ~ Pko for short. 

If F = 0, y is an irreducible Vir(Q)-module and I{p)V = for any p G Q. Theorem 
2.1 follows from Theorem 2.2. Next we assume that F ^ 0. 

Now we need to prove that V = V'{a, (3; F) as modules over HVir[Q], i.e., we can 
choose a basis of V such that (1.5) and (1.6) hold. We proceed by choosing a basis 
of each V^''^ inductively, such that (1.5) and (1.6) hold when one only consider the 
actions of HVir[Q/-], and that the basis of each \/('^+^) is the extension of the basis of 
V^'^^ for any k > ko- 

Naturally, we have such a basis for V^''°\ Now suppose that we have such bases for 
V^'^\ V/c < m for some m > ko. That is, we have a basis {vq G Vg | g G supp 
such that dpVq — (a + q + pl3)vp+q and I{p)vq — Fvp^q,p, q G supp Now we 

consider V^'^K 

Let $ be the canonical isomorphism HVir — > HYirlQ^n], defined by $((i^) = 
m\d^ and $(/(n)) = m!/(^), Vn G Z. 

Then V^'") can be viewed as an HVir module via $ and is isomorphic to V{a', (3'; F') 
as modules over HVir for suitable a',^',F' G C, by Theorem 2.3. Then there is a 
basis {Vq\q G suppF^"^^} of F^"^) satisfying: 

{m\d^)v\ = {a' + k + i^')vU,, {m\I{^))v'^ = , V^, G suppF^^). 

m! ml m'. "p^TT ml ml 
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That is: 




or that, 

a' F' 
dpv'q = {— + q + p^')v'p+g, I{p)v'g = —fVp+q, ^ P, Q e supp V^"^). 

Taking p = and q e suppF^"^"^) C supp we then have that dov' = 

(ml ^^"^ -^(O)'^g = ^y'qi which indicates that a' = m\a and F' = m\F. 

Assume that v'^ — CqVq, ^ q e supp F ('""■'^^ Compare I{p)v'q = Fv'^j^^ and I{p)vq — 
Fvp+q. We see that Cp is independent to p. Then we may choose Vp = Vp for all 
p e supp By the remark in Sect. 2 we see that /3' = /?. Denote Vq = v'q for all 

q G supp F'^"^'* \ supp V'^'""^^. Thus the basis {vq\q G suppF*^'")} is an extension of 
{vp\p C supp \/("^~^)} such that dpVq = {a + q+p(5)vp+q and I{p)vq = Fvpj^q, M p, q e 
suppF("^). 

By induction, we can have a basis {vq \ q G supp V} for V such that dpVq = (a + 
q + pl3)vp-^-q, I{p)vq = Fvp+q, \/ p, q G supp V and CdV — CjV — CdiV — 0. That 
is, V ^ V'{a, /3; F). This completes the proof. □ 

Recall from [K] that the rank of an additive subgroup G of C, denoted by rank(G), 
is the maximal number r with gi, - ■ ■ ,gr G G \ {0} such that Z>gi + . . . + 1>gr is a direct 
sum. If such an r does not exist, we define rank(G) = oo. 

Now we can see that the proof of Theorem 3.3 is also valid for G being an infinitely 
generated additive subgroup of C of rank 1. Thus, we have the following: 

Theorem 3.3. Let G be an infinitely generated additive subgroup of C with rank 
1. Then any nontrivial irreducible Harish- Chandra module over HVir[G] must be 
isomorphic to V'{a, F) for suitable a, P, F & C □ 
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